Abstract-We present a comprehensive fully vectorial model for the cavity eigenmodes of oxide-cofined vertical-cavity surface-emitting lasers (VCSELs) with the details of their complex structure. It includes device-inherent symmetry-breaking mechanisms like noncircular geometries and material anisotropies related to the elasto-optic and electro-optic effect. The latter is accounted for in the model starting from the material and doping profiles. We compare these theoretical results with experimental findings of spectrally and polarization-resolved transverse mode nearfields of oxide-confined VCSELs with two different aperture diameters. Within a parametric study of the influence of aperture anisotropies we are able to calculate frequencies and gains of all transverse mode families, their polarization dependence and their spatial mode profiles which are in good agreement with the experimental findings.
I. INTRODUCTION
V ERTICAL-CAVITY surface-emitting lasers (VCSELs) are attractive light sources for numerous technological applications due to their particular properties [1] . They exhibit good optical beam quality, 2-D array capabilities, high modulation frequencies, and the potential for cost-effective mass-production. The most highly developed VCSELs today are oxide-confined devices in which the aperture of a selectively oxidized layer in the top DBR-mirror provides transverse confinement for the injected carriers and the optical field [2] . As a result record low-threshold currents and high efficiencies have been achieved. The drawback of good transverse optical guiding is, however, the pronounced multimode emission already in comparably small devices. In general, a complicated transverse mode behavior seems to be typical for oxide-confined devices [3] . Consequently, considerable work has been carried out in order to identify the mechanisms that determine the transverse mode formation: interaction of cavity structure and gain medium [4] , [5] , induced birefringence [6] - [8] , and noncircular oxide-windows [9] have been found to play important roles for the VCSELs' emission. However, up to now, a comprehensive analysis taking into account the interaction of all of these mechanisms is still missing due to the complexity of the problem.
In this paper, we present experimental investigations of the transverse mode formation in oxide-confined VCSELs with two exemplary aperture sizes. The VCSELs' emission is characterized by polarization and spectrally resolved nearfield measurements. Based on these experimental data, we present a detailed and rigorous vectorial VCSEL model. The problem of computing VCSEL's modes is quite tough, due to their complex structures and has been addressed by a variety of papers, with different degrees of approximation. Most of them rely on an approximate solution of the Helmholtz equation (see, for instance, the popular method proposed in [10] ) that neglects the vectorial nature of the electromagnetic field. This can be a reasonable approximation in some cases; however, the rigorous vectorial approach is necessary to analyze the consequences of anisotropies on the polarization properties of VCSEL emission. They are important both for a better understanding of the basic physics [11] and also from the application point of view, where often a well-defined polarization is required. Even if some vectorial models for VCSELs have been proposed (see [12] for a review and a comparison between different models), our model offers for the first time the capability of including the effects of device inherent anisotropies in terms of field-induced birefringence and noncircular oxide-windows in a rigorous vectorial electromagnetic framework. The results of these modeling activities enable us to compare and evaluate the strength of the individual effects on the VCSEL's transverse mode characteristics and thus offer the perspective to improve the performance of future devices.
II. EXPERIMENTAL RESULTS
The VCSELs under investigation are oxide-confined structures manufactured at the University of Ulm. Their structure is schematically depicted in Fig. 1 and described in more detail in [13] . Basically, they are AlGaAs-VCSELs with cavities operating around nm. The Bragg mirrors consist of AlGaAs layers with different aluminum content and graded interfaces in terms of material composition. The so-called deltadoping technique is applied in the top mirror in order to reduce the average doping concentration [14] , while the bottom mirror is homogeneously doped. The active region consists of three 8-nm GaAs QWs. The confinement of both the carriers and the optical field is achieved by means of a 30-nm-thick layer of oxidized AlAs in the first top-mirror layer (oxide refractive index of 1.6 [15] ) with a central window of unoxidized material .
The optical power versus injection current characteristics ( -curves) of two VCSELs with 6-and 11-m oxide aperture diameter are depicted in Fig. 2 . Threshold currents amount to of VCSELs with (a) 6-m and (b) 11-m aperture diameter for the total power and the power fractions in orthogonal polarization directions "0 " and "90 ." mA (6 m device) and mA (11 m device) and the maximum output power is mW (6 m device) and mW (11 m device), respectively. The power in orthogonal polarization direction "0 " and "90 " is almost equally split. Both devices exhibit pronounced multi-transverse mode emission already at low injection currents.
In order to investigate the transverse modes properties, we have projected and magnified the top surface of the VCSELs onto a CCD-camera, i.e., we have recorded the intensity distribution in the laser near field. The results of these measurements are shown in Fig. 3 for the 6-and 11-m VCSELs. Both VCSELs' nearfields are determined by superpositions of several modes. As a general feature, the nearfields in orthogonal polarization directions differ qualitatively: the 0 polarized parts of the nearfield in both lasers appear with a high degree of rotational symmetry at all injection currents, while the 90 polarized parts always possess a preferred direction as fixed by the orientation of strongly excited modes with only reflectional symmetry. This phenomenon has been conclusively described in [8] and has been attributed on a phenomenological level to a polarization-selective anisotropic optical guiding due to field-induced birefringence.
In order to clarify which particular modes contribute to the nearfields of the two VCSELs, we have spectrally resolved the nearfields by use of an imaging spectrometer and a CCD camera. With this setup, the polarization-resolved nearfields are decomposed into their constituting transverse modes [8] .
With this technique, we obtain images as depicted in Fig. 4 . The modes are discriminated along the horizontal axis according to their spectral separation, while the fully 2-D resolution of the individual modes is preserved. The images have been recorded at the same injection currents as the images in the central column of Fig. 3 and, thus, can be directly compared. In this way it becomes obvious that the donut-shaped 0 polarized component of the 6-m VCSEL's near field is a superposition of two orthogonally oriented first-order transverse modes, while the preferred direction in the 90 polarized part is determined by strongly excited first-and second-order modes, all vertically oriented and dominating other higher order modes [ Fig. 4(a) ]. The situation is similar for the 11-m VCSEL's near fields as depicted in Fig. 4(b) . The nearly circular shape of the 0 polarized near field at mA originates from a superposition of several transverse modes of high azimuthal order (a thirdand fourth-order mode are clearly visible in Fig. 4 ), while the elliptically distorted shape of the 90 polarized nearfield is caused by a mode with two bright vertically aligned lobes and weakly excited higher order modes, which are also aligned along the vertical direction. Moreover, the higher order modes in the 90 polarization deviate from the circular shape and exhibit a rather elliptical distortion.
To sum up the experimental findings, we have demonstrated that the emission of these VCSELs is divided into orthogonally polarized components of similar power. These components are determined by qualitatively different groups of transverse modes. The physical origin of the particular observed mode partition into orthogonal polarizations is probably related to birefringence as an inherent polarization effect, but also other anisotropies can possibly contribute. In the following part, we will present a vectorial model for the cavity eigenmodes of VCSELs with complex transverse structure that includes different sources for device-inherent anisotropies and serves to evaluate their individual effects on the transverse mode formation.
III. VCSEL MODEL
The experimental results discussed above highlight the necessity of a fully vectorial model, capable of including both material anisotropies and noncircular symmetric geometries. Such features can be easily included in the calculation of the laser modes following the guidelines given in [9] , recalled here for completeness. The stationary electromagnetic field is expanded on the complete and continuous basis of the TE and TM modes of an infinite reference medium (1) where the index labels the characteristics of the basis modes. They are classified according to the continuous radial component of the wavevector , azimuthal variation, even or odd symmetry, TE or TM, forward and backward waves. originates from approximating the integral over the continuous radial wavevector expansion by a finite sum of terms.
In each layer of thickness where the structure does not depend on the longitudinal coordinate , the vector of mode amplitudes satisfies the coupled-mode equations (2) where describes the free propagation in the reference material. It is a diagonal matrix of elements , where ( is an index which describes forward and backward propagation) and is the longitudinal wavevector component ( , being the refractive index of the reference material, the angular frequency, and the velocity of light). The coupling between the modes is introduced by the nondiagonal matrix , of elements [9] (3)
where the subscripts and indicate transverse and longitudinal components of the vectors, respectively, and is the power normalization constant. The tensor describes the perturbation to the homogeneous and isotropic reference dielectric permittivity ; its tensorial form accounts for the possibility of a nonisotropic perturbation related to the material anisotropy. The information on the device guiding geometry and dimensions is included in the model by defining, for each transversely inhomogeneous layer of the structure, the profile of the perturbation . The solution of (2) can be expressed in the form of an exponential matrix and, hence, the mode amplitudes in each layer are connected by (4) where the transmission matrix has been introduced. The closure of the problem is obtained by adding proper boundary conditions, i.e., the consistency of the forward and backward mode amplitudes at two reference interfaces. It is convenient to set these two sections to be the extreme lower ( ) and upper ( ) layers, beyond which the structure does not present any transverse perturbation and the geometry is planar. With this choice, since the layers above (below) ( ) are multilayer stacks (or even a single medium), the chain matrix formalism can be applied to determine their reflectivity coefficient as a function of the wavevector . The boundary conditions in these two sections explicitly read (5) where the diagonal matrices and are the reflectivity coefficient components at the lower and upper interfaces, respectively.
By introducing the global transmission matrix and considering explicitly its dependence on the index (see [9] for further details), the boundary conditions (5) can be rewritten in the only unknown (6) which imposes the self consistency of backward and forward waves: a mode is then found when, after a complete round trip, the corresponding expansion coefficients exactly replicate themselves. This condition gives the frequency and the gain needed to fulfill the threshold condition of all the modes supported by the structure. Following the guidelines of [9, eq. (13)- (17)], (6) can be expressed as a standard eigenvalue problem for the wavelengths and gains, if one exploits the small (compared to the wavelength) active region thickness (7) where , which in turn are defined as (8) and are, respectively, the cold cavity and active contribution to the global transmission matrix (9) They stem from its linearization with respect to the unknown QW permittivity due to carriers ( ). This is a good approximation, since the active thickness is much smaller than the wavelength. The eigenvalue is then related to the active region permittivity by (10) This relation links the eigenvalues to the active optical response and it allows for the threshold carrier density to be evaluated, once its effects on are known. However, since we are more interested in the basic understanding of the particular modal features observed experimentally, at this point we should clearly state that we will neither analyze the threshold carrier densities of the different modes nor pretend to go above threshold and then predict the modal power partition at the different injection currents. Instead, we think that by simply studying the conditions at threshold, we can obtain valuable informations as regards the modal shapes, polarizations and frequency positions. Therefore, in the following, we will focus mainly on the consequences of material anisotropies and of the deviations from circular transverse geometries.
IV. SYMMETRY-BREAKING MECHANISMS
In this section, we will focus on the symmetry-breaking mechanisms in the device. There are at least two possible main contributions, namely noncircular transverse geometries and material anisotropies, the latter having two different origins: the elasto-optic and the electro-optic effects. While in VCSELs the electro-optic effect is unavoidable due to their electrical pumping through the mirrors and can be evaluated starting from the characteristics of the device, the elasto-optic effect is less predictable and can have different sources. In ideal devices, there should be no strains in the structure; however, residual and unintentional strains can be due to some of the different fabrication steps and, maybe, to the mounting and packaging techniques. Moreover, strain distributions due to temperature gradients above threshold and to the oxide-layer shrinkage in oxide-confined devices could also play a role. An experimental investigation of a bunch of nominally identical devices was carried out in [16] , where a spreading in the birefringence of the devices was found. Such behavior has been explained by the joint contributions of the electro-optic effect (which would give the mean value of the birefringence distribution) and the elasto-optic effect (related to its variance).
Clearly, in the model we account only for those contributions which are well defined and controlled, so in the following we will focus on the electro-optic and shape anisotropies.
A. Electro-Optic Effect
The material anisotropy can be represented by the impermeability tensor which, for the crystal group of interest ( ), in the contracted index notation is of the form [17] (11) where is the corresponding coefficient for the electro-optic effect, and is the dc electric field in the direction (1, 2, 3 correspond to orientations). In the case of interest here, the dc field is in the growth direction (which we will indicate as ); the induced anisotropy is then in the transverse plane and is represented by . If one sets as a reference system, (i.e., the directions along which the chip is cleaved), a diagonal expression for the corresponding transverse dielectric permittivity is recovered as follows: (12) where (13) The static electric field originates mainly from the doping needed in the mirrors to make the current flow at low voltages. The doping profile is a quite crucial point to obtain high wall-plug efficiencies and, therefore, it is the subject of intensive technological research [14] . The device under analysis uses the improved technology of a carbon -doped -mirror. The determination of the dc field distribution requires the Poisson equation and the continuity equation for the current to be solved in a self-consistent way. This itself is a nontrivial problem which, in turn, depends on a great number of parameters, that are in some cases not precisely known.
It is not the purpose of this work to go much inside transport models; a quite complete approach to treat carrier transport in VCSELs is presented, e.g., in [18] and we refer to it for the details. By applying this self-consistent model to our structure with -doping at the -mirror hetero-interfaces in correspondence to field nodes, we obtain for the static electric field the result depicted in Fig. 5 , where the longitudinal refractive index and corresponding optical intensity profile are also presented for reference. Many significant features can be observed: the static field distribution is a very rapidly varying function of position, which displays a multi-peaked behavior in the mirrors. This is related to the band-gap discontinuities and, therefore, it is qualitatively the same also with a constant doping concentration. Moreover, the field profile depends on the bias. The dependence is quite marginal in the mirrors and more effective in the cavity, where, however, it saturates rapidly toward small values. Finally, the effect of the delta-doping on the static field is local and located at optical intensity nodes as intended by this strategy.
B. Non-Circular Structures
It is well known that a circularly symmetric structure exhibits a mode degeneracy, i.e., it supports modes with different spatial distributions and polarizations with the same frequencies. The lifting of this degeneracy can be obtained by introducing a noncircular symmetry in the structure. In VCSELs, this property was already investigated experimentally by different groups (see, e.g., [19] - [22] ) with interesting results. However, while within some technologies it seems easy to tailor the VCSEL's transverse shape (see, e.g., [21] , where the result is obtained directly by photolithography), the situation is more complicated for the selectively wet-oxidized apertures. In fact, in these devices the shape of the oxide aperture strongly influences its electromagnetic properties and also defines the transverse current profile. If the oxidation speed were ideally isotropic, the aperture shape would be an exact replica of the mesa geometry. There are, however, many indications that the oxidation speed is not perfectly isotropic [2] , [23] - [25] , so that the final oxide aperture may differ from the mesa transverse geometry, which is circular in our sample and much larger than the oxide aperture.
Such an anisotropic oxidation speed seems to occur also in our device, as can be already seen from a first look at the spectrally resolved nearfield images (Fig. 4) . They clearly present the typical characteristic of an oblong geometry in the direction (0 in Figs. 3 and 4) . With reference to the smaller oxide aperture device, the most relevant signatures of this fact are: 1) the two modes with the two spots oriented along exhibit the lower frequencies; 2) the presence of a mode with three spots aligned along axis. In the following, we will focus on obtaining further information about the oxide aperture deformation by means of a parametric study of the mode distributions. For this aim, we have to first choose an adequate shape, capable of accounting both for the results of [2] , [23] , which indicate a higher oxidation speed in [100] with respect to [110] direction, and for the results published in [24] , [25] , which evidence an additional difference between [110] and [1 0]. The former anisotropy results in a diamond shape with smoothed corners, while the latter introduces an oblong deformation of such a diamond geometry. A possible analytical expression that includes all these features is (14) where gives rise to the diamond shape for values in the range of 0%-6%, and controls the stretching. As an example, Fig. 6 depicts the curve (14) in polar coordinates for typical values of the two parameters.
V. NUMERICAL RESULTS
For circular structures without anisotropies, the different azimuthal modes are completely decoupled and one can solve the problem for a particular -value [see (A2) in Appendix A for the definition of ] and find all the corresponding radial modes supported by the given structure. As already pointed out in [9] , this fails if the angular rotational symmetry is broken or material anisotropies are included. However, in the present case, anisotropy and shape symmetry axes coincide and the geometry presents an even angular symmetry. As a consequence, even and odd azimuthal modes [ parameter in (A2)] are always decoupled. The same applies also to solutions with even and odd values, due to the even parity of the oxide-aperture shape. These considerations allow the reduction of the computational time by a factor of 16; the code to compute VCSEL's modes (that we call the VELM code) has been developed with Matlab and is run on a Pentium III, 400 MHz. To illustrate its numerical efficiency, we point out that the results presented in Fig. 8 have been computed in about 1-h CPU time.
As regards the electro-optic effect, we assume the corresponding anisotropy to be constant in the whole transverse sections, since the static electric field is mostly related to the doping profile and this does not exhibit transverse variations; in this case, the integral (A3) in Appendix A extends to infinity and gives a Dirac delta-function which selects only the diagonal terms in the matrices. We discretize the longitudinal structure in different ways for the electromagnetic and electrical problems in order to account for the strongly peaked longitudinal profile of the anisotropy corresponding to the static field of Fig. 5 with a reasonable computer effort. After having obtained the static field profile on a very dense longitudinal grid, we relax this discretization in the VELM-code by averaging the anisotropy in each layer [see (4)]. In any case, the -discretization represented by the layers must be chosen so that the optical field can correctly feel the -dependence of the anisotropy; therefore, they have to be much smaller than the optical wavelength. The longitudinal discretization accounts also for the graded index regions, that are fitted by a staircase approximation [see the refractive index profile in Fig. 5(a) ].
In order to check that the VELM code works properly, we compute the birefringence on the fundamental mode in two different ways: first by applying our VELM code, and second by the simpler method proposed in [16] . By the latter method, the mode splitting is computed through perturbation theory, i.e., it evaluates the birefringence by means of the superposition of the normalized optical intensity and the induced anisotropy.
The corresponding results are presented in Fig. 7 for different biases. The graph represents the cumulative contributions along the device, and is, therefore, particularly suitable to put in evidence the regions where the effect is mostly located. The total birefringence accumulated in the device can be read from the value of the curves at the position of the end of the back mirror ( m). The results are obtained by assuming V/m for GaAs and V/m for AlAs; the values for AlGaAs alloys are computed by linear interpolation of these two values [16] , [26] . For our purposes, the representation of Fig. 7 is much more significant than the static field distribution of Fig. 5 . In fact, it accounts for the interaction with the optical field which selects only the contributions from the negative peaks of the dc field [see Fig. 5(a) ] in the -mirror, while the overall contribution is more or less zero in the -mirror [see Fig. 5(b) ]. The birefringence is a function of the applied bias, but rapidly saturates above 1.5 V, as the static electric field in the cavity tends to be zero on average. Therefore, for bias values comparable to those of the experiment ( 2 V above threshold), we obtain a birefringence value of about 10 GHz.
By applying the full VELM code, we find the same birefringence as results from the simpler method illustrated in Fig. 7 , i.e., around 10 GHz at 2-V bias. However, this result does not perfectly match the measured birefringence of the fundamental mode of the smaller device, which is 23 GHz. There are many reasons for this discrepancy. First, the measured value accounts for all the phenomena that contribute to the lifting of the mode degeneracy and it is very difficult to experimentally separate the different contributions. However, the shape anisotropy of the fundamental mode is rather low for this relatively large device (computed by our model to be on the order of 1-2 GHz) and, thus there is still a difference of about 11-12 GHz between the experimental and theoretical results. The reasons for this larger material anisotropy can be manIfold. Among them: 1) underestimation of the static field profile, due to some parameters not adequate for the considered structure; 2) lack of knowledge of the exact values for at 810 nm, especially for AlAs, for which the only result we found in the literature [26] is indirect; 3) presence of strain in the structure.
The latter effect represents probably the most important contribution to the difference between the computed (taking into account only the electro-optic contribution) and measured birefringence. This assumption is also strongly supported by other results [27] , particularly by those published in [28] , where a 50-GHz birefringence was measured on devices from Ulm University, similar to the ones under analysis.
Since it is difficult to infer which can be the origin of the strain in our structure, and in order to have consistency with the experiments, we magnify in the following calculations the electro-optic effect by a factor of 2.3 that recovers the experimentally determined birefringence values of about 23 GHz. This way of proceeding is similar to looking for an equivalent tensile strain that gives the missing 13 GHz with respect to the experiment, since the tensorial structure of the impermeability induced by the electro-optic effect is completely analogous [17] , [29] . The next step comprises of a systematic study of the influence of oxide-aperture shape and dimensions on the modal properties of the device. The parameter that determines the diamond shape is fixed to 3% and is not varied. In fact, this is not too important since it does not introduce any "shape anisotropy," due to its angular symmetry, while the key parameter, with respect to this, is . The results of such an analysis are presented in the following Figs. 8 and 9 . In Fig. 8 , we show the computed threshold gains for two devices with same shape but slightly different sizes. In analogy to LP notation, the modes are labeled by two numbers, and related to the azimuthal and radial variations of the strongest polarization component. However, since the structure is no longer circular, such a notation cannot always provide a precise description of the field profiles. These are depicted in Fig. 10 .
The oxide-window shape adopted to compute the modes of Fig. 8 ( % and %) is obtained from the results shown in Fig. 9 where, for m, we varied the stretching of the oxide aperture. To enable a detailed analysis, we show magnified views of the mode positions in the detuning-gain plane, by taking as a parameter. Since, in the measurements, all the modes of the family (1,1) are visible, we report these solutions in a larger expansion at the bottom of the figure. Concentrating attention on these modes and comparing theoretical and experimental results, it turns out that good agreement is found for %. This value corresponds to a 20% axis ratio, in surprisingly good agreement with [24] , where by means of a simple parametric study of a rectangular waveguide a m-wide aperture was estimated. Moreover, it is worth noting that a structure without any stretching (i.e., , which correspond to the arrow points) does not provide the correct correspondence between the modes (1,1) in the experiment and their frequency positions. This is quite evident if one compares Fig. 4(a) with Figs. 9 and 10 ).
Beside the (1,1) family, Fig. 10 also depicts all the other modes evidenced by the bold bullets of Fig. 9 . They are grouped on the basis of the membership to the same family (i.e., the same indices). Except for the modes displayed on top, four solutions exist in each family and are labeled by the letters following their proper frequency order. They correspond to the different azimuthal variations (index even or odd) in the two possible polarizations. Each mode is by definition characterized by three components, of which we give only and (the longitudinal component , which is the smallest, is here omitted since its intensity is always negligible for our purposes). In Fig. 10 , the minor transverse field component has been evidenced by a lighter background and amplified by the factor which appears in the inset. Such a minor component is observable only in small devices and it is here Fig. 11 . Polarization-resolved output field profiles for modes (2,1,a) of Fig. 9 for different oxide-aperture shapes.
reported for completeness and to emphasize the vectorial nature of the computed optical fields. Furthermore, this representation should clarify that, strictly speaking, the polarization in VCSELs is never linear. This aspect has been analyzed in [30] , where the four lobed distribution of the minor component of the fundamental mode was experimentally observed. However, since in most devices the ratio between transverse mode components is always rather high, it is commonly accepted to have field "polarized" along a certain direction in that sense that the main component is addressed.
As already stated, the analysis is based on modes at threshold, so we are not able to predict exactly which are the lasing modes and how the power is partitioned among them. Nethertheless, such an analysis is sufficient to reproduce quite precisely the modal shapes, frequencies and, to a good extent, the favored mode within a certain family. This can be clearly seen if one compares the polarization-resolved experimental and theoretical results in two representative cases.
• Modes (1,1) display the correct frequency positions, polarization and spatial profiles and, moreover, mode (1,1,c) that theoretically requires a higher threshold gain, also in the experiment displays a lower power. • In the family (2,1), the lowest gain mode is the mode (2,1,a) and this is also the one with the highest detected power in the corresponding frequency region. Moreover, the other detected mode (2,1,c) also has the correct profile, polarization, and frequency position. With respect to the mode (2,1,a) , characterized by an unusual three-spot spatial distribution, it is interesting to consider the results presented in Fig. 11 . They show the effect of the oxide aperture shape on the corresponding modal profile, which mainly motivated us to look for an influence of the anisotropy of the oxidation speed. These results show very clearly the influence of the oblong shape on the modal profile: for a device with a shape without any direction preference we recover, even with material anisotropies, what we expect from a (2,1) mode, i.e., a four-spot distribution. The material anisotropy in this case acts to fix the polarization, since in ideally circular structures without anisotropies, the power is nearly equally shared by the two transverse components [29] . A stretching of the symmetric shape pushes more and more together the two spots aligned along the shorter side, ending up with a three-spot distribution for axis ratios exceeding 15%-20%. The presence of an oblong oxide-window has now gained a strong validation both from the frequency distribution of the mode family (1,1) and from the refer to fields with a dominating x (y) polarization; only the modes detected in the experiment are labeled by letters and denoted by full symbols. Fig. 13 . Polarization-resolved field profiles corresponding to the modes indicated by the letters in Fig. 12 field profile of mode (2,1,a); our parametric study allows one to quantify such a deformation of % that simultaneously gives all the features detected in the experiment.
As a further demonstration that the parameters we obtained are consistent, we considered the larger aperture device and computed the lower order modes gains and frequencies (Fig. 12) and profiles (Fig. 13) . According to the interpretation of the origin of the noncircular aperture shape, we scaled the values of to account for the fact that the effect of the anisotropic oxidation speed is inversely proportional to the diameter of the final aperture. In Fig. 12 , the letters label only the observed modes, which are depicted in Fig. 13 . In this case, we get a good matching between theory and experiment with respect to the modal profiles; the corresponding detunings reported in Fig. 12 are, however, slightly mismatched, even if the polarization splittings fit well. This fact can have many causes, among which we recall the less precise measurement of the fundamental mode frequency (since this mode is highly suppressed) and a possible deviation from the nominal oxide-aperture size. Some influence can originate also from the combined role of thermal and carrier effects. Nevertheless, most of the characteristics are also reproduced in this case. The dominant mode in the experiment is now the mode (2,1,a), whose spatial distribution is quite different compared to the one in the smaller aperture device. This is related to the reduced (but still effective) influence of the anisotropic oxidation speed, responsible for the preference of field distributions peaked along the longer axis.
Finally, it is interesting to compare the consequences of material anisotropy and noncircular oxide window shape from a general viewpoint. We find that it is difficult to draw a conclusion valid for all the modes. In fact the shape anisotropy has different influence on different modes, see e.g., the modes (0,0) and (1,1) of Fig. 9 , where in the first case, the dominant effect is the material anisotropy, while in the latter, the shape anisotropy dominates by far. Nevertheless, as a general feature of material anisotropy, the presence of two directions with a higher and lower refractive indices induces a splitting of the modes in the different families, where the lower frequency modes always have their major field component oriented in the direction of the higher refractive index.
VI. CONCLUSION
A detailed joint experimental and theoretical analysis of transverse modes in oxide-confined VCSELs has been carried out. The experimentally detected mode profiles and frequencies of two multimode devices with different sizes show clear evidence of both material and shape anisotropies in the devices. In order to rigorously handle these effects, we presented a numerically efficient vectorial model that, starting from the basic structural design of the devices, is capable, for the first time, to include on the same level all the relevant anisotropies in VCSEL devices and then to make possible detailed comparisons with the experiments. As a result, our treatment serves to distinguish the individual signatures of the two effects in the mode profiles and their frequency spacings found in the experiment. A parametric study of the 6-m device concentrating on the effects of a noncircular oxide-window, due to the nonisotropic oxidation speed, results in estimation of 20% deformation with respect to the circular aperture device. The use of this deduced shape allows the experimental results for the larger device also to be reproduced. In both cases, the joint effect of shape anisotropy and electro-optic effect due to hetero-interfaces and doping -profiles underestimate the amount of measured birefringence by about 10 GHz. Thus, our analysis evidences that the electro-optic effect can hardly explain the measured birefringence and our results give valuable indications for a contribution also from the elasto-optic effect.
The excellent agreement obtained between experimental and theoretical modal frequencies, gains, and spatial mode profiles can be considered as a conclusive proof that vectorial models are required in order to describe VCSEL's modes with high reliability and, thus, to possibly improve the understanding and performance of future devices.
APPENDIX A COUPLING COEFFICIENTS FOR MATERIAL ANISOTROPY
The coupling coefficient in presence of material anisotropies can be computed by means of (4) and (12) and by writing the 
It follows that the coupling coefficients related to the anisotropy, apart from the common term (see [9, (A5)]), have the form illustrated in Table I , where we have set and the submatrices are defined by
The anisotropy couples neighbor modes of the same azimuthal parity in a sort of a banded arrangement (see the structure in the Table) . For modes with the matrix structure of Table I (a) holds, while Table I(b) refers to . The differences in the corresponding matrix structures arise from the peculiarities of modes and are, therefore, related to the upper left corners of the four submatrices in the tables (which account for TE-TM couplings). Conversely, all the modes in the basis with are instead insensitive to azimuthal spatial variations (A2).
APPENDIX B COUPLING COEFFICIENTS FOR NON-CIRCULAR TRANSVERSE GEOMETRIES
The guidelines to compute the coupling coefficient in the presence of noncircular structures are presented in [9, Appendix] to which we refer for more details. There, explicit expressions are given for an elliptical geometry. In the present case, we have to consider the shape given by (14) and follow the same steps of [9] , which we recall here for completeness. The surface integral (4) to compute the coupling coefficient elements is, in this case, related to the perturbation [defined on the area specified by ] and is more conveniently rewritten as
where we set and we used the same notations of (A1). The preceding integral is efficiently evaluated by first analytically integrating over the angular variable. Only the last integration over the radial coordinate must be carried out numerically, i.e. The preceding relation gives one or two solutions, depending on the parameters (only values with must be considered).
The coupling of modes with different occurs in the outer region, since for . Moreover, due to the even angular symmetry of the oxide aperture, (B4) differs from zero only when is an even number. That is, the system couples only the modes with same azimuthal parity; similarly modes with different angular variation are completely decoupled. These features, which stem from the even periodicity of the geometry under analysis, reduce the numerical complexity of the problem, allowing separate eigenvalue problems of lower order to be solved. Since 1989, he has been with with IRITI, an Institute of the Italian National Council of Research, Politecnico di Torino. His research interests are mainly in the field of the modeling of semiconductor materials and devices for optoelectronic applications, and especially III-V quantum wells, computing their optical response with coulomb effects included on the basis of the second quantization approach. He was involved in ridge waveguide laser simulation, analysis of optical bistable behavior of multiple quantum-well devices, and four-wave mixing in semiconductor oscillators and amplifiers. Recently, his research has mainly focused on microcavity lasers, photonic bandgap structures, and VCSELs modelling, considering in particular their modal properties so to compute their statical, dynamical, and noise behavior.
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